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1. INTRODUCTION 
For stochastic processes, various extensions of the notion of stationarity 
have been developed such as asymptotic stationarity and harmonizability, 
which are related notions. For example, Rozanov [ 121 established that 
every strongly harmonizable process is asymptotically stationary. 
In Section 2, we introduce a larger class of asymptotically stationary har- 
monizable processes, i.e., harmonizable processes which have a-finite 
bimeasure, and we prove that they are uniform limits of a sequence of 
strongly harmonizable ones. 
In Section 3, we show that these processes are indeed asymptotically 
stationary, and we exhibit the associated spectral measure using a 
stationary dilation of the harmonizable process under consideration [lo]. 
5. PRELIMINARIES 
Following Rozanov [12] (see also [l, 6]), a process 
X: Iw -+ Li(S, 9, P) is said to be asymptotically stationary if there exists a 
continuous function r: Iw + C, such that for any h in [w 
r(h) = ,tym f J; E(X(s + h) . X(s)) ds. 
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In this case there exists a unique positive bounded measure m on a(!&!), 
called the associated spectral measure of X, which verifies for any h in Iw: 
r(h) = j eihu m(du). 
We recall that every weakly harmonizablc process .Y: IL! -+ ,!,,$(,s, 9, B) is 
the Fourier transform of a stochastic measure p: g(iw) -+ L~(s, 9, B) [g, 
11, 123, i.e., for any t in [w: 
x(t) = 1 e”” p(du). 
When the spectral bimeasure M of X, defined on 3?(R) x W([w) by 
M(A, B) =&u(A) .p(B)), is extendable to a measure on .G?(lw2), the 
process is termed strongly harmonizable. 
In this paper we use the concept of integration with respect to a spectral 
bimeasure as introduced by Moche [S, Chap. IV]. 
Rozanov has proved that every strongly harmonizable process is 
asymptotically stationary and, more precisely, one can establish the 
following: 
2.1. PROPOSITION. Let X be a strongly harmonizable process with spec- 
tral measure M, and let A = { ( u, v)) u = v} be the diagonal axis of R.‘. Then 
uniformly with respect to h in 58, we have: 
r tya f jot E(X(s + h) x(s)) ds = jj eihc M(du, dv). 
.4 
So in the weakly harmonizable case, one of the problems is: How can we 
define the restriction on the diagonal axis A of the bimeasure M as a 
measure on 3(Iw)? 
2.2. DEFINITION. A spectral bimeasure M is said to be a-finite if there 
exists a sequence (B,),, N in g([w) which verifies: 
foranynEm1, B,cB,+,;and U B,=LR; 
ntrm 
(1) 
for any n, M has finite Vitali variation on B, x B,. (2) 
2.3. EXAMPLES. (a) Obviously, the spectral bimeasure of every strongly 
harmonizable process is a-finite. 
(b) Here is an example of weakly harmonizable process which is not 
strongly harmonizable. It is due to Niemi [9] following Edwards [5] (see 
also [2]). 
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Let us consider the positive definite family of real numbers delined by 
A 
cJ = 2j(Log(j+ 1))2’ 
sin(x(j - k)/2) 
cik = (j-k)j”*k”* Log(j+ 1) Log& + I)’ 
j#k;j, ICE N\(O). 
Then there exist a probability space (S, F-, P) and a sequence (xi) in 
Lk(S, 9, P) such that E(x, . xk) = cjk. We can use this sequence t0 define a 
stochastic measure p: B’(R) + LZ,(S, 9, P) by p(B) = cjEB xi, for every 
Bore1 set B of IT& 
Since c, Ck lcjkl = +a, the Vitali variation of Iw* of its bimeasure M is 
infinite. Moreover, since p is discrete, A4 is obviously o-finite. Therefore the 
Fourier transform of p has a a-finite bimeasure but is not strongly har- 
monizable. So the class of harmonizable processes with a-finite bimeasure 
contains strictly the class of strongly harmonizable ones. 
2.4. Notations. Throughout the sequel, we consider a weakly har- 
monizable process X with o-finite bimeasure A4, and spectral stochastic 
measure CL. 
Let (4L N be a sequence in g( IR) which satisfies ( 1) and (2) and for 
any n let CL, be the stochastic measure on B([w) defined by p”(B) = 
p(Bn B,), M,, be its spectral bimeasure which is of finite Vitaii variation on 
Iw*, and A’, be the associated strongly harmonizable process. 
Niemi [9, Theorem 3.413 has proved that, for any weakly harmonizable 
process X, there exists a sequence of strongly harmonizable processes 
which converges in q-m. to X uniformly on every compact subset of lF& 
Recently, Mocht and the author [3] showed that this property remains 
true if the process X is only continuous and bounded. Here we obtain 
another sharpening of Niemi’s result. 
2.5. PROPOSITION. For every harmonizable process X with a-finite 
bimeasure, there exists a bounded sequence of strongly harmonizable 
processes which converges in q.m. towards X uniformly on R. 
Proof: With the previous notations, let Bk = lR\B, and let )/pl[ be the 
semi-variation of the stochastic measure p, [4, Definition IV.10.31; from 
[4, Theorem IV.lO.S] we estimate for every t: 
a-lxn(r)121 G (IIPII (4?))*d (Ml (~))* 
ECIN~)-~,(t)l*l =E Le”“p(du)/2)4(Ilpll (X)1*. 
(I 
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Since the sequence (Bk),, wI decreases towards the empty set as n tends to 
infinity, then [(p/1 (BA) converges towards 0 [4; Lemma IV.lOS] and we can 
conclude that the bounded sequence (X,),, N converges towards X in 
Lg(S, 9, P) uniformly with respect to t on 5% 
3. MAIN RESULT 
3.1. THEOREM. Every harmonizable process with u-finite bimeasure is 
asymptotically stationary. 
Proof: One can easily obtain that if a bounded sequence of 
asymptotically stationary processes (X,(r), t E R) converges in q.m. towards 
a process (X(t), t E W) uniformly with respect to t in R, then the process 
(X(t), t E W) is asymptotically stationary. One can conclude using 
Proposition 2.5. 
Now with a quite different proof, we are going to sharpen the previous 
result and to estimate the associated spectral measure of the harmonizable 
process under consideration. 
3.2. THEOREM. For any harmonizable process with o-finite bimeasure, 
uniformly with respect to h in R, we have 
where the positive bounded measure m on 9T( W) is defined by: 
for euery B in g(R), m(B)= lim M,((BxB)nd). (4) 
n- +a; 
Proof With Notations 2.4, let K(t, s) = E(X(t). X(s)) and K,,(t, s) = 
EtXntt). X,(s)). 
(a) From Proposition 2.5, the sequence K,(t, s) converges towards 
K(t, s) uniformly with respect to (t, s) in R*. So, given E > 0, there exists 
N(E) such that for n > N(E) and for every t > 0 and every h we have 
K(s+h,s)ds-fj;K,(s+h,s)ds <E. 
Using the same notation for the spectral bimeasure M, and its extension 
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as a measure on a’(&!‘), we deduce from Proposition 2.1 that for every n, 
there exists T(n, E) such that for t > T(n, E) and for every h one has: 
Consequently for n > N(E), t > T(n, E) and for every h we obtain: 
I s f d K(S+ h, s)ds-JT, eiuhM,(du, du)i -C 2.5 (5) 
(b) We are going to prove that the sequence (m,) of the restrictions 
on A of the spectral measures (A#,) is convergent. 
First of all, (m,) is increasing since for any B in g(R) 
The only difficulty is to show that this sequence is bounded. Now 
Miamee and Salehi [7: Domination lemma] have proved that for every 
spectral bimeasure M on g(R) x g(R), there exists a positive bounded 
measure md on 99(R) such that for any bounded Bore1 function f: E4! -+ C 
one has: 
0 d [If(t) f(s) MC& ds) Gs If( mAdt). 
So, for any Bore1 set B in R! we have: 
O<M(B,B)<m,(B). 
Let us put c = (r/2”, (r + 1 )/24], r = . . . -1, 0, l,... and q = 0, l,.... Then, 
for any q, the sets c, r E Z, form a partition of R, and the sequence S = 
E”-, 1; x <)q E N decreases towards the diagonal axis A, as q becomes 
infinite. 
Given B in .43(R), n, and q, then the measure M, verifies: 
O<M,( y (BnZ;)x(BnZ$) 
\,= -co / 
= y M((BnZ;nB,)x(BnZ;nB,)) 
r= -m 
6 +f mABnZ:,nB,) 
,= --co 
=m,(BnB,). 
68312212.6 
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Hence, when q tends to infinity we obtain: 
0 d m,(B) 6 m,(B n B,) 6 md( R). 
So, for every Bore1 set B, the increasing sequence (m,(B)) converges 
towards a positive number m(B), and according to the Vitali-Hahn-Saks 
theorem [4, Corollary 111.7.31, m is a positive bounded measure on g(W). 
It is estimated for all n and B by 
m,(B)~m(B)~m,(B)dm,([W)< +co and m( B n B,) = m,(B). 
Moreover for any bounded Bore1 function f one has: 
< 4&J. sup( I f I ), 
Consequently, given E > 0, there exists N)(E) such that for n > N)(E) and 
for every h: 
/jj 
e juh M,( du, du) - j eiuh m( du) < 8. (6) 
A 
(c) From the relations (5) and (6) we deduce that for any E > 0, there 
exists T(E) such that for t > T(E) and for every h we have: 
K(s + h, s) ds - 
5 
eiuhm(du) < 3&, 
as was to be shown. 
3.3. Remarks. (a) There exist weakly harmonizable processes with non- 
a-finite spectral bimeasure. Indeed, Niemi gave an example of a discrete 
time weakly harmonizable process which is not asymptotically stationary 
(cf. [ 11, Sect. 61). As Theorems 3.1 and 3.2 still hold in the discrete time 
case, its spectral bimeasure is not o-finite. Consequently, p denoting its 
spectral stochastic measure (defined on W( [ -rr, rr])), the spectral 
bimeasure of the (continuous time) weakly harmonizable process defined 
by 
X(t) = j eirx p(dx), te[W, 
is not c-finite. We do not know if X is asymptotically stationary. 
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More generally we do not know how to compare more precisely the class 
of weakly harmonizable processes and the class of asymptotically 
stationary processes. 
(b) So we have: 
(stationarYJ % 
strongly 
harmonizable 
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